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We introduce a type of symmetry breaking and associated order parameter in connection with Laplace-
Runge-Lenz vector of Kepler orbit through an extended spatial dimension and "Ensemble view". By 
implementation of a small extra spatial dimension and embedded infinitesimal toral manifold, it has 
been shown that emerging of  𝐿𝑅𝐿 vector under SO(4) symmetry is in analogy with a variety of explicit 
and spontaneous symmetry breaking situations and related Goldstone bosons such as phonons and spin 
waves. A theorem introduced to generalize this concept of breaking symmetry. The diffeomorphism of 
circular orbit (geodesic) to elliptic one proved to be equivalent with a covariant derivative and related 
parallel displacement in this extended four dimensional spatial space. Respect to ensemble definition 
This diffeomorphism breaks the 𝑂(2) symmetry of initial orbit and Hamiltonian to 𝑍2 resulting in 
broken generators in quotient space and associated  Goldstone boson as perturbing Hamiltonian term 
leading to a perpetual circular motion on 2-torus comparable to the perpetual motion idea in “Time 
Crystal” of Wilczek et.al. This leads to an introduction of gravitational gauge potential under the 
symmetry of Cartan sub algebra of 𝑠𝑢(2).          
 
 
 
Introduction  
  
Reasonable evidences in Hamilton–Jacobi theory states that many mechanical problems could be reduced 
to the force free motion on non-Euclidean manifolds, and one may model a system with negative energy 
(bounded orbit) with force free motion on a certain hypersurface in phase space [1,2,37,34,35]. On the 
other hand, general relativity demonstrates the gravitational force as a curvature of space-time without 
direct distant action of the field source, thus the force exerting on an orbiting particle in a central gravity 
field, comes from the geometric structure of space-time and is comparable to tidal force of free motion on 
non-Euclidean (Riemannian) manifold which corresponds the motion of small particles on geodesics [3, 
4]. 
we apply and generalize these ideas to show that motion on a hypersurface with an extra spatial dimension 
under a group symmetry interprets the emerging 𝐿𝑅𝐿 vector in elliptic orbit as a result of a rotation (or 
boost) of a generalized angular momentum in such a higher dimension and conclude that the projection of 
the initial circular orbit under this rotation group gives rise to a symmetry breaking and elliptic orbit.  
Goldstone Boson as a result of local or global broken symmetry manifests a spectrum of scalar or vector 
bosons in a various setting of breaking symmetry with degenerate ground state. We generalize this 
implication to a large scale as is seen in Kepler orbit. Using an ‘Ensemble view’ and under some 
boundary conditions, considering a small extra spatial dimension and 𝑠𝑜(4) as governing algebra of 
spatial group symmetry, we derive symmetry breaking of Kepler orbit and show that the boost like 
rotation along extra spatial dimension results in breaking symmetry in conventional spatial 3-dimension. 
Transforming the circular orbit to an elliptic one, modelled by orbit diffeomorphism to geodesic on 
infinitesimal 2-torus, proved to be equivalent with a parallel displacement and involves contorsion as a 
degree of freedom in extra dimension. Then the broken generators and associated Goldstone boson will be 
introduced as perturbing Hamiltonian term leading to a perpetual circular motion on 2-torus. 
Consequently 𝐿𝑅𝐿 vector emerges due to invariance of total Hamiltonian under 𝑠𝑜(4) algebra symmetry. 
A modified algebra and related root space connects the charges (chemical potential) with the field of 
Goldstone boson.  
This suggests that presumption of a compacted small extra spatial dimension may be reasonable to 
introduce new era in large scale physics in order to exploit the concept of symmetry breaking. As a 
cornerstone, symmetry breaking in various field of modern physics acting an influential role in 
understanding of many implications as particle mass, pions, magnons (spin wave) and phonons [5,6]. This 
symmetry breaking occurs in internal or external symmetries corresponding to internal or external 
coordinates. Implication of Goldstone bosons that arises as consequence of breaking of continuous 
symmetry was born in the high energy physics and standard model and found interesting applications in 
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various fields of physics such as particle and condensed matter, phase transition and solid state [7, 8]. 
Examples of internal Symmetry breaking include chiral symmetry breaking of strong interaction with 
resulting (Nambu) Goldstone Bosons realized as pions. In standard model 𝑆𝑈(2) × 𝑆𝑈(1) gauge 
symmetry breaking with Higgs mechanism generates masses to standard model related particles [9], and 
𝑈(1) gauge symmetry breaking became a theoretical model in superconductivity. Magnons also represent 
the Goldstone bosons of the spontaneously broken symmetry of rotation group 𝑂(3) → 𝑂(2) in (anti) 
ferromagnetism. The latter example denotes a global symmetry breaking vs. the other examples of local 
symmetries. In this article we investigate a global symmetry breaking pertained to Kepler problem 
exploiting an "Ensemble view" method which has not been identified before. Certainly this approach can 
be applied for Kepler orbit because of its periodic nature. As usual we use the standard definition of time 
ensemble for probability distribution 𝑝(𝑟) of particle position on orbit. Therefore one may imagine an 
infinite sequences of copies of this system at different time [10] (cf. Boltzmann 1894). This “Ensemble 
view” could be predicted for any periodic phenomena. For convenience we prepare this ensemble by 
determining the particle position in an infinitesimal time interval 𝛥τ for each copy. In such an ensemble, 
after overlapping all copies in ensemble, we find a definite position probability for orbiting body. 
Obviously in a circular orbit the related probability distribution will found to be a uniform one with 
𝑂(2) symmetry; however in an ellipse orbit this distribution evolves to a 𝑍2  symmetry respect to the 
major axis of ellipse. Obviously this ensemble is equivalent to the ensemble of infinite copies of identical 
Kepler problem recorded at an infinitesimal interval 𝛥τ. Symmetry breaking in this setting has the strict 
similarity with symmetry breaking in (anti) ferromagnetism because in (anti) ferromagnetism we can use 
equivalently the time ensemble view instead of space ensemble and consequently instead of a large 
number of atoms in external magnetic field we will use time-ensemble of a single atom with a probability 
obtained by Boltzmann distribution proportional to 𝑒
−𝜇𝐵
𝑘𝑇 . Interestingly the Lagrangian symmetries of 
these mechanical settings are identical with probability distribution symmetries in ensemble. We study the 
symmetry breaking of circular orbit to an ellipse with infinitesimal eccentricity under energy conservation 
leading to generation of a new motion integral, Laplace-Runge- Lenz vector. Historically this vector 
analyzed in detail by Fock and Pauli in classical and quantum problems i.e. Kepler orbit and Hydrogen 
atom by 𝑆𝑂(4) symmetry [11, 12].   
 
Section 1  
  
 1.1.1 Symmetry Breaking in Kepler orbit  
  
Suppose an exact circular orbit of Kepler problem as has been shown in some solutions of Schwarzschild 
equation with spherical symmetric gravitational field. For the sake of simplicity the field source and 
orbiting planet both be considered point like masses. In this setting and under energy conservation, we 
consider an infinitesimal change implemented on the orbit toward an elliptic one with an infinitesimal 
eccentricity. Let assume a time ensemble of this Kepler orbit (copies of Kepler system) in which we 
consider an ensemble of huge number of Kepler system copies at different time intervals ∆𝜏 with a central 
field and a rotating point like mass orbiting bounded in the central field. Probability density to find the 
point mass in a random infinitesimal interval of time ∆𝜏 at each point on the orbit in this time-ensemble is 
proportional to inverse of velocity at that point:  
                                                               𝑝(𝑟) =
1
𝑉(𝑟)
                                     (1.1)  
 Whenever the orbit has the full circular symmetry, the microcanonical ensemble probability to find the 
mass in an infinitesimal time interval ∆𝜏 is identical at all points of the orbit as a result of constant 
velocity. However a small perturbation toward ellipse orbit while Hamiltonian remains invariant leads 
breaking uniform probability distribution to a 2outcome distribution because the probability to find the 
mass in each semi orbit on the opposite side of long ellipse axis is equal to  and probability density on 
each point of the orbit is the same as the mirror image point respect to the long axis of ellipse. So the 
group symmetry of probability distribution of ensemble and Lagrangian breaks from 𝐺 = 𝑂(2) in circular 
orbit to subgroup ?̃? = 𝑍2 .This evolution as diffeomorphism from circular to elliptic orbit can be viewed 
as a symmetry breaking. In circular orbit the symmetric group of Lagrangian L (or Hamiltonian H) 
denoted as rotation group 𝐺 = 𝑂(2) while in elliptic orbit this symmetry reduces to a 𝑍2  symmetry i.e. the 
invariance under mirror symmetry respect to the long axis of ellipse. As a conclusion, symmetric group of 
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Lagrangian L and ensemble states probability distribution in circular and elliptic orbit is the same. We 
will exploit this property later in this article. The quotient group 𝐺/𝑍2  characterizes the broken generators 
and the spanning space of Goldstone bosons. More analyzing ‘Ensemble view’ will be discussed in sec 
(1.1.3).  
 
1.1.2 Lorentz transformation and symmetry breaking  
 
It is possible having a thought experiment of a closed system of free particles and their rest frames as 
parallel reference frames set up in stationary state i.e. all particles and their rest reference frames are 
relatively motionless. In this setting there exists a full symmetry in transition from a reference frame to 
another one. Now if we impose a motion with small velocity 𝑣 along some axis to one of these reference 
frames R (or particle) while preserving the parallelism between reference frames, this symmetry will be 
broken because the moving reference frame actually is no longer parallel relative to the other reference 
frames. The reason is Lorentz transformation interpretation and associated boost rotation of R in 
𝑥0−𝑥𝑖 plane with 𝑥0 as time and 𝑥𝑖 as one of spatial axes. In other words a small linear velocity results in 
a relative boost rotation of moving frame R respect to all other frames and therefore in this system, there 
is a preferred direction along the motion trajectory. This breaking symmetry in some sense resembles the 
spatial symmetry breaking in crystals where the ordering atoms in some direction break the whole 
symmetry, or symmetry breaking in ferromagnet because of ordering atoms along the external magnetic 
field ?⃗⃗?.  
Moreover R observers detect the circles on other reference frame as an ellipse due to the so called 
Lorentz transformation which means the breaking symmetry of 𝑂(2) to 𝑍2   and this change is also a 
consequence of the aforementioned 𝑥0−𝑥𝑖  boost rotation. The eccentricity of this ellipse can be 
calculated to be equal to 𝑣 𝑐⁄  . This picture could also be well understood when an electric charge with a 
spherical symmetric electric field located on R. In such situation the breaking symmetry after motion of 
R results in a new field (or charge) that obeys the cylindrical (axial) symmetry i.e. magnetic field ?⃗⃗? . In 
summary a spatial symmetry breaking is equivalent to a boost like rotation on 𝑥0−𝑥𝑖  plane as extra 
dimension that preserves the new metric of 3+1 dimension as an isometric transformation. This is the 
basic idea to develop an extra dimension in presenting model. This will be presented as a theorem in 
(sec1.7). We use a general formalism in which a conserved charge always associated with symmetry 
breaking. This charge in Lorentz transformation and its associated symmetry breaking is simply the 
conserved velocity vector of R, in Ferromagnets their magnetic moment and in Kepler problem 𝐿𝑅𝐿 
(Laplace-Runge-Lenz) vector.  
 
1.2 Emerging LRL Vector  
  
Transition of orbit from circular to ellipse, also results in emerging 𝐿𝑅𝐿 vector (Laplace-Runge-Lens), an 
integral of motion that as a conserved charge cannot be attributed to an explicit Lie algebra and group 
symmetry [13, 14].on the other hand searching for the symmetry governing the invariance of 𝐿𝑅𝐿 often 
reveals a type of internal symmetry [15] and in some articles reminded as hidden, accidental or dynamical 
symmetry [2, 16]. After Fock and Pauli [1, 30, 31] 𝑆𝑂(4) accepted as the group of hidden symmetry of 
𝐿𝑅𝐿 vector in Hydrogen atom and Kepler problem while the orbiting planet is bounded (i.e. E < 0) [1, 2]. 
Some of other simple dynamical systems with hidden symmetry can be found in the works of Aronson 
et.al [32] and Ghirardi [33].There is still controversy about the exact symmetry in 𝐿𝑅𝐿 problem. 𝑆𝑂(4)  
as a symmetric group acts on 4 dimensional space through 2 set of generators 𝐽𝑖and 𝐾𝑗  (i , j = 1,2,3) .  
          [𝐽𝑝 , 𝐽𝑞] = 𝑖𝜀𝑝𝑞𝑟𝐽𝑟  
          [𝐽𝑝 , 𝐾𝑞] = 𝑖𝜀𝑝𝑞𝑟𝐾𝑟                                                                                                     (1.2) 
          [𝐾𝑝 , 𝐾𝑞] = 𝑖𝜀𝑝𝑞𝑟𝐽𝑟  
𝐽𝑖 denoted as the angular momentum components and 𝐾𝑖 as 𝐿𝑅𝐿 vector (or parallel to it). The generators 
of 𝑠𝑜(4) after a linear combination of the basis split to two independent su(2) subalgebras.  
                                             𝐴𝑖 =
1
2
𝐽𝑖 +
1
2
𝐾𝑖      𝐵𝑖 =
1
2
𝐽𝑖 −
1
2
𝐾𝑖  
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Thus its Lie algebra is isomorphic to su(2)R ⨁ su(2)L with independent basis 𝐴𝑖  and 𝐵𝑖respectively.  
[𝐴𝑖 , 𝐴𝑗] = 𝑖𝜀𝑖𝑗𝑘𝐴𝑘           ,  [𝐵𝑖 , 𝐵𝑗] = 𝑖𝜀𝑖𝑗𝑘𝐵𝑘                   ,  [𝐴𝑖  , 𝐵𝑗] = 0            (1.3)  
Consider a Kepler problem with exact circular orbit without 𝐿𝑅𝐿 vector. It is well known that the 
𝐿𝑅𝐿 vector 𝐴 is proportional to the eccentric constant of ellipsoid orbit and as far as the orbit is 
circular, 𝐿𝑅𝐿 vanishes. This could be verified by equation [2]:  
                                                                              |𝐴| = 𝑚𝑘𝑒      
With e as eccentricity and 𝑚 as mass .Now imagine an infinitesimal change of circular orbit of an    
orbiting point like mass 𝜇 toward ellipse orbit with conserved energy. This evolution accompanies an 
infinitesimal 𝐿𝑅𝐿 vector and along invariance of energy we may write down the relation of 𝐿𝑅𝐿 
vector with angular momentum and energy as follows [2]:  
                                                                          |𝐴| = 𝑚𝑘√1 −
2𝐿2𝐸
𝑚𝑘2
 
With L and E as angular momentum and energy of mass. For the sake of simplicity we set 𝑚 = 1 and 
 𝐸 =
1
2
 then we have:    
                                                                  𝐴2 + 𝐿2 = 𝑘2                                    (1.3')  
Therefore in Hamiltonian invariant transformation 𝐴2 + 𝐿2will be conserved.   
    
1.3 Interpretation of  𝐴𝑖 and 𝐵𝑖  
Although there exists a well-defined interpretation for 𝐽𝑖  and especially 𝐽3 as the generator of rotation, 
there are no explicit physically substitution for 𝐴𝑖 , 𝐵𝑖    and bases [2, 9]. Hence the symmetry pertained to 
conservation of 𝐿𝑅𝐿 vector remains unclear and refers as dynamical or hidden symmetries [11]. We will 
show in the next sections that this linear combinations of so(4) i.e.  𝐴𝑖 , 𝐵𝑖 can be interpreted as two su(2) 
or so(3) as symmetries in a hyperspace with one extra spatial dimension on an infinitesimal torus in such 
a way that  𝐴3 , 𝐵3 act on the 𝑅
3+1 manifold (3 usual and 1 extra dimension 𝑥4) presents the rotation 
respect to a new axis resulting from the infinitesimal rotation of axis 𝑥3 in  the hyper plane 𝑥3−𝑥4  and 
consequently this guarantees the Hamiltonian invariance and emerging of a new integral of motion, 𝐿𝑅𝐿 
vector. Thus Existence of a spatial extra dimension with small range similar to Kaluza-Klein, Ads- De 
sitter space or Einstein-Bergmann 5D model [21] could resolve this controversy definitely. 
  
1.4 Extra spatial Dimension  
  
For the sake of simplicity we choose 2 dimensional spatial subspace, 𝑥1−𝑥2 plane as the plane of orbiting 
in Kepler problem. In this setting 𝐽3 acts as generator of rotation in the plane around the 𝑥3 local axis. We 
add an extra dimension with small range 𝔯 to the usual 𝑀4 space-time. This space can be regarded as  
𝕾 = 𝑀4 × 𝔯  and allows the action of 𝑆𝑂(4) group on this manifold. Because of the small range of the 
extra dimension, one may assume a flat dimension for its structure. As can be seen in 𝑆𝑂(3,1) Lorentz 
group, 𝐾𝑖  may be viewed as Boost generator with a difference that in this case, rotations are in the plane 
of extra dimension axis and one of the usual spatial axes Fig (1).  
 
Fig (1): Boost like rotation in  x1- x4  plane. 
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To visualize the situation we substitute the extra spatial dimension 𝑥4 instead of the x3 local axis 
orthogonal to the 𝑥1-𝑥2 plane with the origin of coordinate located at central field source and exploit the 
time as a parameter. 𝐾3 generates boost like rotations in the 𝑥3-𝑥4  plane and under such a rotation, the 
projection of the rotated circular orbit onto the 𝑥1-𝑥2 plane will become an ellipse with a small 
eccentricity. Moreover the circular configuration will preserve in 3+1 spatial dimension. If a Kepler 
circular orbit undergoes an infinitesimal diffeomorphism while leaves the energy constant resulting in an 
elliptic orbit with small eccentricity  𝜀 , then a small 𝐿𝑅𝐿 vector 𝛿𝐴 appears orthogonal to new angular 
momentum 𝐿′⃗⃗⃗ ⃗ = ?⃗⃗? − 𝛿𝐴. Respect to (1.3') we obtain:  
                                                   |?⃗⃗?|2 = |?⃗⃗?|2 = |?⃗⃗?′|2 + |𝛿𝐴|2                         (1.4)  
Where ?⃗⃗? presented as a 4-vector which lives in 3+1 spatial dimension and we label it as "generalized 
angular momentum" while for circular orbit we have ?⃗⃗? = ?⃗⃗? and after infinitesimal evolution reads as:  
                                                         ?⃗⃗? = (𝐿′1, 𝐿
′
2 , 𝐿
′
3 , 𝛿𝐴) ∈ 𝕾                         (1.5) 
All four components are spatial, 3 in regular space and one along extra dimension. So 𝛿𝐴 refers to the 
component along the extra dimension. The evolution from circular to elliptic orbit is the result of the 
effect of  𝑠𝑜(4) generators with very small parameters on  𝕾 :  
                                                          𝐾′⃗⃗⃗⃗⃗ = (1 + 𝜀𝑖?̂?
𝑖)?⃗⃗? =  𝐿′⃗⃗⃗ ⃗ + 𝛿𝐴                   (1.6)                                                         
So the circular orbit and related generalized angular momentum ?⃗⃗? undergo a very small rotation through 
the extra dimension while the ?⃗⃗? module (and energy) remains unchanged and regular angular momentum  
 𝐿′⃗⃗⃗ ⃗  appears as the projection of ?⃗⃗? onto the 3d spatial space (𝑥3 axis). Because of the limited range of the 
extra-dimension, successive action of (1 + 𝜀𝑖?̂?
𝑖) in the usual way is impossible and after a small rotation 
inside the range of extra dimension it cannot be continued. However the evolution will be carried out by 
action of this operator on the projection of rotated orbit onto the orbiting plane and this cycle repeats up 
to a definite value of rotation. We call this transformation as sequential infinitesimal rotation in  𝕾 .    
This simple interpretation guarantees the energy conservation and introduces the existence of 𝐿𝑅𝐿 vector.  
On the other hand by using Kepler 3rd law the angular momentum conservation remains valid for 𝐿′⃗⃗⃗ ⃗ . 
In the following sections this transformation realized as the motion on the higher dimensional 
manifolds.   
  
1.5.1 Free Particle motion on the manifold   
  
As mentioned earlier, most of mechanical problems can be reduced to the force free motion on non-
Euclidean manifolds [37]. This motion on manifold’s geodesic could be attributed to a particle, center of 
mass of many particles system or any dynamical system with relevant conditions.  
The previous transformation as sequential infinitesimal rotation in spatial sub space of 𝕾 is a straight 
forward method to geometric description of 𝐿𝑅𝐿 emergence. In this section we show the equivalence of 
this transformation with an infinitesimal toric diffeomorphism 𝛿𝕿 and a specific type of "Covariant 
derivative".   
 Consider circular Kepler orbit on the xy plane as the axis of a 2-Torus lying on the plane and an orbit with 
winding number 1:1 on this torus (Fig2). Then the following statements could be taken into account:  
 
Corollary1:  
 
Considering a 2-torus and a 1:1 orbit (winding number =1) on it, If the small radius of torus approaches 
zero, 𝜀 → 0 then at the limit converges to the geodesic on the torus with the same winding number and   
, at 𝜀 = 0 the 1:1 orbit coincides circular axis. Inversely a circular orbit as 2-torus axis evolves to 1:1 
orbit (or geodesic) when 𝜀 grows from zero to a definite small value (Fig2). 
     
6 
 
This corollary is obvious because at the limit  𝜀 → 0  the metric on this torus approaches the flat metric 
like the flat 2-torus. Then conversely we could imagine a diffeomrphism of circular orbit toward a 1:1 
orbit or geodesic on torus with a very small radius 𝜀 which in turn converges to the geodesic with winding 
number 1:1. We call this transformation as 𝛿𝕿 and show the projection of this orbit onto the xy plane is 
an ellipse with eccentricity 𝜀.  
                                               
 
Fig (2): projection of orbit with 1:1 winding number of 2-torus onto xy-plane presented as an ellipse with long axis along y and 
eccentricity 𝜀. The range of extra dimension assumed to be about 𝜀 in the orthogonal direction to the xy-plane. The orbit can be 
obtained from circular axis of torus by displacement 𝜀 (along negative y axis) and rotation 𝛿𝜃 =  
𝜀
𝑅
 through the extra dimension.  
 
In our model transformation of circular to ellipse orbit (with small eccentricity) resembles the length 
contraction in Lorentz transformation that leads the circular geometric shapes transforms to ellipses. 
 
Corollary2:  
  
Projection of the infinitesimal 1:1 orbit (geodesic) of 2-Torus (embedded in x , y and extra dimension) 
onto xy plane is an ellipse with eccentricity equal to small radius 𝜀 . This means that after infinitesimal 
transformation of circular orbit to geodesic on 2-Torus, the projection onto the usual spatial dimension 
will become the diffeomorphism of initial orbit with invariant Hamiltonian Fig (2).  
 
Due to Clairaut theorem the angular momentum of free particle orbiting about a central field on an axial 
symmetric manifold will be conserved. One concludes that free motion of particle on 1:1 geodesic lying 
on 2-Torus leaves the generalized angular momentum conserved in whole space 𝕾. Therefore the 
projection of the equal time sectors of 2-torus orbit in 𝕾 onto xy plane manifests equal area due to the 
simple projected area calculation. Therefore the angular momentum on xy plane 𝐿′⃗⃗⃗ ⃗ will remain conserved 
and determined by equation (1.4).  
This completes the model, the transformation 𝛿𝕿 results in a new projected orbit on xy plane while the  
Hamiltonian and angular momentum remain conserved.        
In this limit interestingly we found that this evolution of circle to geodesic on infinitesimal 2-torus is the 
same as the action of (1 + 𝛿𝜃𝑖?̂?
𝑖)plus 𝜀𝑖𝜕
𝑖  with equal parameter 𝜀𝑖 = 𝑅𝛿𝜃𝑖  while 𝜀𝑖 still remains very 
small 𝜀𝑖 ≪ 1 and stated as eccentricity of elliptical orbit. Then:  
                                                        𝛿𝕿 = [?̂? + 𝜀𝑖𝑅
−1?̂?𝑖 + 𝜀𝑗𝜕
𝑗]                        (1.7)                                          
Where R is the radius of circular orbit and is too large compared to the order of extra dimension 𝔯~𝜀. This 
equation implies the equivalence of a Poincare like transformation and geodesic diffeomorphism of the 
initial orbit.  
This equivalence also conveys us that the 𝛿𝕿 transformation may be viewed as a Parallel transport.  
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Combination of a translation and rotation (or boost) is the fundamental transformation in quantum field 
theory, the so called Poincare transformation, but here the rotation component takes place along an extra 
dimension.  
Take into account an infinitesimal transformation of rotation across an axis with an angel 𝜀𝑅−1 plus 
displacement along the same axis by 𝜀:  
                                                     [?̂? + 𝜀𝑅−1?̂?𝑖 + 𝜀𝜕𝑖] = ?̂? + 𝜀(𝑅−1?̂?𝑖 + 𝜕𝑖)    (1.8)                  
We assess the closure property of these elements for 𝜀, 𝜇 ≪ 1:  
        [?̂? + 𝜀(𝑅−1?̂?𝑖 + 𝜕𝑖)[?̂? + 𝜇(𝑅−1?̂?𝑖 + 𝜕𝑖)] = ?̂? + (𝜀 + 𝜇)(𝑅−1?̂?𝑖 + 𝜕𝑖)           (Closure property)  
Terms containing 𝜀𝜇 and 𝑅−2𝜀𝜇 are of order o(2) and have been vanished. Other group properties are 
also could be verified. Now it seems that the generator (𝜕𝑖 + 𝑅−1?̂?𝑖) after lowering indices by 
contraction:                                    
                                                         ?̂?𝑗 = 𝑔𝑖𝑗(𝜕
𝑖 + 𝑅−1?̂?𝑖) = (𝜕𝑗 + 𝑅
−1?̂?𝑗) 
Plays the "Parallel Transport "or "Covariant Derivative" role equivalently. In the context of Einstein-Cartan 
space one could observe that the motion is equivalent to a "rotation" and "displacement" [22]. If the 
displacement happens along x1 and rotation in  𝑥1−𝑥4  plane under the effect of ?̂?
3 , 𝛤𝑘1
𝑗
 serves as the 
connection on the 2-torus and then:   
                                                          𝛿𝑥1 = 𝜀  
                                                          𝑔𝑖𝑗𝛤𝑘1
𝑗 𝜈𝑘𝑑𝑥1 = 𝜆𝜇
3𝜈𝑔𝜈𝑘𝜈
𝑘𝑅−1𝑑𝑥1
.
⇒ 𝑅𝑔𝜇𝑗𝛤𝑘1
𝑗 = 𝑔𝜈𝑘𝜆𝜇
3𝜈                                                          
                                                          𝑅𝛤𝜇𝑘1 = 𝑔𝜈𝑘𝜆𝜇
3𝜈                                   
Product of the last equation by 𝑔𝑘𝛽 gives: 
                                                           𝑅𝛤𝜇1
𝛽
= 𝛿𝜈
𝛽
𝜆𝜇
3𝜈 = 𝜆𝜇
3𝛽
= (𝜆3)𝜇
𝛽
                        (1.9) 
(𝜆3)𝜇
𝛽
 is the matrix representation of ?̂?3. Recalling the isospin connection with (𝜏𝑎)𝑖𝑗 as Pauli matrices 
and 𝐴𝜇 
𝑎 (𝑥) as gauge potentials which reads as [36]:                                   
                                                           𝛤𝑖𝑗1 = −
𝑖
2
𝐴1 
𝑎 (𝑥)(𝜏𝑎)𝑖𝑗                                    (1.10)        
And product of both sides by 𝑔𝑗𝑘 and assigning  𝐴1 
3 = −
1
𝑅
  and  𝐴1 
1 = 𝐴1 
2 = 0 , results in: 
                                                              𝑅𝛤𝑖1
𝑘 = − 
𝑖
2
(𝜏3)𝑖
𝑘                                          (1.11)  
Comparison of equations (1.9) and (1.11) reveals their strict similarity and gauge potential 𝐴1 
3 (𝑥) can be  
Interpreted as the usual classic Gravitational scalar potential i.e. 𝐴1 
3 = −
1
𝑅
≈ 𝜑 
This relation reveals a common formalism in quantum and celestial level and interpretation of grav- 
iation as a gauge potential. Although su(2)R ,su(2)L bases generally are anholonomic, we accept ?̂?3  
and 𝐽3̂   as holonomic bases or Killing vectors on tangent spaces of infinitesimal torus because as we 
showed earlier ?̂?3 = 𝜕𝜃  and  𝐽3̂ = 𝜕𝜑 are Cartan subalgebra and commutative:     
                                                                        [𝜕𝜃 , 𝜕𝜑] = 0                                       (1.12)               
Because R is large compared to 𝜀, curvature of gravity is so small and Christoffel symbol i.e. the 
affine connection 𝛤𝜇1
𝛽
 values are very small and slow varying quantities therefore 𝛤𝜇𝑗
𝛽
𝛤𝜈𝑘
𝛼
 and 𝛤𝜈𝜎,𝜌
𝜆
 
are negligible of order O(2):              𝛤𝜇𝑗
𝛽
𝛤𝜈𝑘
𝛼 ≈ 0      ,     𝛤𝜈𝜎,𝜌
𝜆 ≈ 0                           (1.13)      
This result is a consequence of the fact that 𝑔𝜈𝑘 values are approximately slow varying function on torus 
range, then 𝛤𝜇𝑗,𝑟
𝛽
 and 𝛤𝜇𝑗
𝛽
𝛤𝜈𝑘
𝛼
 values approaches to o(2) order and also negligible, then by definition:  
8 
 
                                    𝑅𝜈𝜌𝜎
𝜆 = 𝛤𝜈𝜎,𝜌
𝜆 − 𝛤𝜈𝜌,𝜎
𝜆 + 𝛤𝜈𝜎
𝛼 𝛤𝛼𝜌
𝜆 − 𝛤𝜈𝜌
𝛼 𝛤𝛼𝜎
𝜆 ≈ 0                  (1.14)  
  𝑅𝜈𝜌𝜎
𝜆  is a negligible value. Recalling the commutation relation of covariant derivatives with torsion:  
                                                  [𝛻𝜇 , 𝛻𝜈]𝑉
𝜌 = 𝑅𝜎𝜇𝜈
𝜌
𝑉𝜎 − 𝑇𝜇𝜈
𝜆 ∇𝜆𝑉
𝜌                          (1.15)   
After vanishing the first term on the right side of equation we obtain:  
                                                                [𝛻𝜇 , 𝛻𝜈]𝑉
𝜌 = −𝑇𝜇𝜈
𝜆 ∇𝜆𝑉
𝜌                           (1.16)  
 And in operator form we have:              [𝛻𝜇 , 𝛻𝜈] = −𝑇𝜇𝜈
𝜆 ∇𝜆     
This resembles the commutation relation of Lie algebra with generators 𝛻𝜇 and structure constants 
 −𝑇𝜇𝜈
𝜆  .                                 
On the other hand we know that for a group manifold of G the main connection reads as:  
                                                               𝜔𝑖𝑗
𝑘 = ?̅?𝑖𝑗
𝑘 =
1
2
(𝑐𝑖𝑗
𝑘 − 𝑐𝑗𝑘
𝑖 + 𝑐𝑘𝑖
𝑗 )                 (1.17) 
With the definition: 
                                                               𝑇𝑖𝑗
𝑘 = 𝛤𝑖𝑗
𝑘 − 𝛤𝑗𝑖
𝑘
       
After substitution in above equation we obtain:  
                                                               𝑇𝑖𝑗
𝑘 = 𝑐𝑖𝑗
𝑘                                                       (1.18)  
This means the torsion tensor is the same thing as structure constant of the Lie algebra whose group 
manifold is 2 torus of the model that realizes the subgroup with generators ?̂?3 and 𝐽3̂ . It should also 
be reminded that structure constant 𝑐𝑖𝑗
𝑘  behaves as tensor when the algebra bases are transformed 
under a transformation. This results in the conclusion that 𝛻𝜇 covariant derivatives are the general 
form of the diffeomorphism group of transformation of geodesic during breaking the circular orbit 
symmetry and its constant probability distribution (respect to ensemble probability) toward elliptic 
orbit with axial (𝑍2) symmetry of probability distribution.   
  
1.5.2 Ensemble view  
 
There are many examples of symmetry breaking in condensed matter such as superconductivity, 
superfluidity and ferromagnetism that exploiting the ensemble view. In these situations degenerate states 
form an “ensemble” of states and these states may be attributed by some unitary transformation. In this 
sense, Goldstone boson presented as collective states or composite particles.  
After symmetry breaking, the non-degenerate ground state (i.e. vacuum expectation value) shifts to 
degenerate states which form an ‘Ensemble’ of states. We define a similar ensemble for Kepler orbit. 
First consider circular orbit. In this setting for the observer attaching to 𝐶. 𝑂. 𝑀 we have: 
                                              𝑝𝜇 = 𝜕𝜇 = 0  (𝜇 = 1,2,3) and  𝑝0 = 𝜕0 ≠ 0   
After a perturbation while the Hamiltonian remains invariant, as explained in sec 1.5 and respect to the 
equation (1.6) observer detects a rotational motion with generator ?̂?3. Because of periodic nature of 
Kepler orbit, and 1:1 winding of new orbit on 2-torus, after one revision of orbit, exactly one revision 
with small radius 𝜀 takes place. Hence getting ensemble for Kepler orbit is equivalent to ensemble 
obtained from all states of orbiting particle on small orbit with radius 𝜀, so the primary ensemble 
discussed in sec 1.1.1 is the similar ensemble for degenerate ground state as seen in symmetry breaking in 
aforementioned examples i.e. superconductivity,etc. 
Therefore in “Ensemble view” we apply the symmetric group on an ensemble of a periodic process such 
as Kepler orbit and the symmetry breaking also occur in this setting by reducing of the main group to one 
of its subgroup.  
 
1.6 Symmetry breaking  
  
The motion of orbiting mass or center of mass along the circular orbit is geodesic motion which 
minimizes the action. In the view of an observer in the reference frame attached to 𝐶. 𝑂. 𝑀, the orbiting 
mass occupies the ground state. This ground state isn't a degenerate one  Fig (3a).  
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                                                         (a)                                                                                               (b) 
 
Fig (3): a) Motion on circular orbit with non-degenerate potential .b) Motion on the degenerate potential states depicted as red 
circle. Orbiting mass follows a spiral trajectory while bounded to Mexican cap potential well with a winding number 1:1. The 
trajectory in fig (2) represents the mass orbit in 𝕾. ?̂?3 and 𝐽3 denoted as Killing vectors (or generators) tangent to 2-torus as group 
manifold. Dark line lies on the 3 dimensional spatial space, while torus embedded in 𝕾 . Projection of this spiral curve onto the 3 
dimensional space would be an elliptic orbit as depicted in Fig (2). 
  
After small perturbation in the orbit trajectory, due to our model, the primary symmetry 𝑆𝑂(2) in spatial 
subspace of 𝑀4 breaks to 𝑍2 by diffeomorphism of circular orbit (geodesic on 𝑀
4) to 1:1 geodesic on the 
torus in 𝕾, Fig(3b). Actually symmetry breaking takes place in 𝑀4 rather in 𝕾. The space 𝕾  just 
undergoes a boostlike rotation with ?̂?3 , leaving the Hamiltonian and angular momentum invariant and 
results in a new invariant 𝐿𝑅𝐿 vector.     
 An observer on world line in 𝑀4 (i.e. the axis of torus) with reference frame attached to 𝐶. 𝑂. 𝑀 in 
Ground state, after 𝛿𝕿 transformation, encounters a new rotational motion of this mass through extra 
dimension space, and therefore the non-degenerate ground state transform to a degenerate one. All the 
points on this circle correspond to minimal energy or ground states; this motion is just the motion on the 
ground states as like as the motion on Mexican hat hollow in 𝑠𝑢(2) × 𝑢(1) symmetry breaking of 
standard model and conveys that the condition for symmetry breaking satisfies and we can exploit this 
symmetry breaking in Kepler problem. Suppose the coordinate 𝑥1 and 𝑥4 on 𝑥1 − 𝑥4 plane orthogonal to 
the world line on 𝑀4at the time origin 𝑡 = 0 Fig (3b).  Strict similar setting can be observed in symmetry 
breaking in ferromagnetism and related symmetry breaking 𝑂(3) → 𝑂(2) ‘where the vacuum (ground) 
state corresponds to the state with spin in the direction of the magnetic field, then the magnons correspond 
to excitations caused by flipping of spins [7]. In our model vacuum state is in circular orbit Fig (3a) and 
excited states the spiral orbit on 2-torus after 𝛿𝕿 perturbation Fig (3b). 
In view of this observer , there exists a perpetual motion on a circle and oscillation with a frequency or 
angular velocity 𝜔1 equal to the mean angular velocity of the orbiting particle in Kepler orbit, resulting in 
a 1:1 orbit (geodesic) Fig(3b). Inspiring recent papers about "Time Crystal" of Wilczek [29] focusing on 
the time translation symmetry breaking, the perpetual motion around a circular pattern at ground state is 
possible. We suggest the similar "rotation" on the ground state in 𝑥1 − 𝑥4 plane Fig (3b).  
To make this we consider the local field 𝜑 = 𝑥1 + 𝑖𝑥4 to identify the ground state by the condition. This 
choice is more understandable when we recall the field decomposition in Higgs mechanism symmetry 
breaking 𝜑 = 𝜑1 + 𝑖𝜑4 substituting 𝜑1, 𝜑4 by coordinate variables 𝑥1, 𝑥4  .by exerting the condition:   
                                                             (𝑥1)2 +(𝑥4)2 = 𝜀2                                       (1.19)  
In polar coordinate we obtain:  
                                                                 𝜑 = 𝜀𝑒𝑖𝜈         
Where 𝜀 is the small radius of torus. Then we can substitute 𝜈 local scalar field instead of 𝜑. Related 
Lagrangian in this situation reads as:  
                                                           L = −
𝜀2
2
(𝜕𝜇𝜈)(𝜕𝜇𝜈) + 𝑚
2𝜀2                        (1.20)   
Which is invariant under 𝑢(1) or equivalently ?̂?3 . This symmetry leads to an invariant current simply  
reads as:                                                𝒥0 = −𝜀
2𝜕𝜇𝜈                                               (1.21)  
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Restriction to time displacement by 𝜕0𝜈 = 𝜔1 results in:  
                                                              𝒥0 = −𝜀
2𝜔1                                   
The charge of related generator reads as:  
                                                             𝑄 = ∫𝑉𝒥0𝑑𝑦 = 2𝜋𝜀
2𝜔1                              (1.22)  
This presents the regular angular momentum about motion axis. If  𝜋𝜀2 interpreted as circle area, its 
equivalent in electric current is magnetic moment defined by 𝜇 = 𝐼𝑆 . Taking into account the light 
velocity as the upper limit, we conclude a maximum angular velocity obtained by:  
                                                                     𝜔𝑚𝑎𝑥 =
𝐶
|𝜈|
                      
 Where 𝐶  is light velocity. We identify 𝜈 field as goldstone boson associated with ?̂?3 as follows. First let 
investigate the initial governing group symmetry and its breaking. We change the obvious 𝐺 = 𝑂(2) 
symmetry group of circular Kepler orbit with an equivalent form of semi direct product 𝑍2 ⋉ 𝑆𝑂(2) .                               
 The main reason for this choice can be traced out in some work on fluid mechanics [23,24]. Although the 
resulting symmetry group after breaking will be 𝑍2 , however there are infinite 𝑍2 symmetries in the 
plane of rotation respect to the chosen axis. Therefore we add an axis index to 𝑍2 and 𝑆𝑂(2) symmetry 
in semi-direct product: 
                                                               𝐺 = [𝑍2]𝑋3 ⋉ [𝑆𝑂(2)]𝑋3  
 Where the indices represent the axis of rotation and ⋉ denotes the semi direct group product.  
After breaking the symmetry the original group breaks to 𝑍2 , Resulting quotient group obviously will 
read as:                                                   𝐺 = 𝐺/𝑍2 ~𝑆𝑂(2)                                    (1.23) 
 Respect to Goldstone theorem these bosons live in the generator space of quotient algebra,  
In this case:                                                  𝑠𝑜(2) ~ 𝑢(1) ~ ?̂?3                               (1.24)  
Therefore ?̂?3 presents related Goldstone boson in ground state whose energy is proportional to 𝜔1 as 
zero mode. Regarding this breaking symmetry we will deduce the following theorem for space-time 
broken symmetry. Excited states of Goldstone bosons corresponds the other modes. Consequently the 
energy states and angular momentum (as the associated charge of ?̂?3 ) are quantized. If  𝜔1 considered as 
zero mode, then the energy states and angular momentum eigenvalues can be read as: 
                                                                 𝐸𝑁 = 𝑁ℏ𝜔1  ,   𝐿 = 𝑁ℏ . 
 Each energy state correspond a geodesic on 2-torus and determined by the general approach in sec 2.2.  
 
1.7 Conjectured Theorem:  
  
If Ensemble of a dynamical setting defined on a topological structure (manifold) embedded in  n-
dimensional Euclidean space 𝑅𝑛 is invariant under group 𝐺, then boost action on 𝑅𝑛  (boost in plane of 
extra and regular dimension in 𝑅𝑛+1) breaks the symmetry group 𝐺 to a subgroup 𝐻 while the related 
Hamiltonian and the symmetry group 𝐺 ⊂ ?̂? remains invariant in 𝑅𝑛+1, 𝐻 subgroup is the symmetry of 
the projection of that manifold orbit onto the 𝑅. The 𝐺 orbit tangent vector(i.e. Killing vectors can be 
retrieved by a linear combination of Cartan sub algebra of  𝐺 which recognized as modified basis of a 
complete symmetry ?̂? in 𝑅𝑛+1.  
Proof of this theorem in the case of 𝐺 = 𝑆𝑂(2) or 𝑆𝑂(3) and 𝐺 = 𝑆𝑂(4) is trivial. This theorem can be 
verified in Lorentz transformation on the Minkowski  space-time 𝑀4. I propose an inductive Reasoning 
for general form. Here symmetry breaking takes place in 𝑅𝑛  with symmetry group 𝐺 while the change in 
 𝑅3+1 Interpreted as a 𝛿𝕿 spanned by the generators specified in 𝐺 which is a subset of coset generators 
of quotient group 𝐺/𝐻 .  
  
1.8 Chemical potential  
  
Recent method to describe broken generators in the cases with finite charge density will follow the  
chemical potential and effective Hamiltonian. [7,8]. For a free motion on the 2-torus manifold, 
Hamiltonian could be demonstrated as:  
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                                              𝐻 = 𝜔1 𝐽1 + 𝜔2 𝐽2 + 𝑉 = 𝜔1?̂?3 + 𝜔2 𝐽3 + 𝑉              (1.25)  
The basis spanned in the Cartan sub algebra of  𝑠𝑜(4) , moreover should be regarded as the full 
Hamiltonian realized in 𝕾 equipped with spatial extra dimension. Especially we find out that the orbit 
space of subgroup expanded by this Cartan subalgebra is a 2-torus with ?̂?3 and 𝐽3  as Killing vectors 
as basis on its tangential space. By prior assumption in the Kepler problem with 𝑍2 symmetry and 1:1 
orbit on 2-torus 𝜔1 = 𝜔2 = 𝜔, thus 𝐻 reduces to  
                                                                          𝐻 = 𝜔(?̂?3 + 𝐽3) + 𝑉                        (1.26)  
Without loss of generality by assumption 𝜔 =
1
2
   we get: 
                                                                    𝐻 =
1
2
(?̂?3 + 𝐽3) + 𝑉                        (1.27) 
The vector 
1
2
(?̂?3 + 𝐽3) on tangent space of group manifold (2-torus) represents the direction of the new 
geodesic trajectory at the origin on 2-torus which also denotes the 1:1 orbit which replaces the original 
circular orbit after 𝛿𝕿 transformation in 𝕾 (the general form will be discussed in the section (2.2).  
Furthermore following the method of chemical potential in the cases with finite charge density [5,7,8] the 
relation of full Hamiltonian 𝐻 after symmetry breaking and 𝐻 (Hamiltonian in circular orbit) can be 
introduced as:    
                                                          𝐻 = 𝐻 − 𝜇𝑄               𝐻 = 𝜔2 𝐽3 + 𝑉             (1.28)                 
Where 𝜇 denotes the chemical potential and 𝑄 stated as some broken generators of the symmetry group 𝐺.                                                              
The initial Hamiltonian group symmetry while orbit restricted to two dimension, is 𝑂(2) and after a small 
perturbation on system and breaking this symmetry to 𝑍2 due to the (1.23), (1.24) we will obtain: 
                                                                     𝑄 = ?̂?3    ,      −𝜇 = 𝜔1 =
1
2
 
Both Hamiltonian in 𝐶. 𝑂. 𝑀 reference frame i.e. ground state reads as: 
                                                                  𝐻 =
1
2
?̂?3 + 𝑉  ,    𝐻 = 𝑉                         (1.29) 
Equations in Lagrangian formulation is equivalent to [5]: 
                                                                  𝐻 = 𝜕0     ,    𝐻 = 𝜕0 + 𝑖𝜇?̂?3                   (1.30)      
This is true because in the rest frame the point mass on world line traverse along the time axis with 𝜕0 
generator and after perturbation and jumping to the orbit 1:1 on the 2-torus replaces by 𝜕0 + 𝑖𝜇?̂?3 . The 
situation illustrated in Fig (3b). The concept of jumping from non-degenerate ground state to a degenerate 
one i.e. "Mexican Cap" implication can be inspired by this configuration. Hamiltonian 𝐻  is valid in both 
spaces 𝑀4 and 𝕾 but after the action of 𝛿𝕿 the valid Hamiltonian changes to ?̅?. Similar method worked-  
out in recent papers [7, 8] where  𝜇 and 𝑄 stand for chemical potential and generator related to NGB 
respectively. This equations clarifies 𝜔1 and ?̂?3 roles in the model. For an infinitesimal transformation of 
circular to ellipse orbit (with small eccentricity and 𝐿𝑅𝐿 vector) the required perturbation has a perturbed 
Hamiltonian equals to 𝜔1?̂?3.The term 𝜔1?̂?3 implies the NGB state (Particle). For related order parameter    
the accepted expression as a time-dependent solution reads as [5]: 
                                                                       〈Φ〉(𝑡) = 𝑒𝑖𝜇𝑄𝑡〈Φ〉0 
By identification of 𝜔1 as chemical potential  𝜇~𝜔1  and  ?̂?3 as Goldstone generator ?̂?3~𝑄, by 𝜈 = 𝜔1𝑡 
                                                                       〈Φ〉(𝜈) = 𝑒𝑖𝜔1?̂?3𝑡〈Φ〉0 = 𝑒
𝑖𝜈?̂?3〈Φ〉0 
Reparametrization of time by the perturbation parameter 𝜀 (eccentricity) in diffeomorphism of circular to 
Elliptic orbit via the linear relation 𝜀 ∝ 𝑡 we can rewritten above equation as: 
                                                                             〈Φ〉(𝜀) ≅ 𝑒𝑖𝜇𝑄𝜀〈Φ〉0 
Expansion about small 𝜀 :                                 𝛿〈Φ〉(𝜀) ≅ (𝑖𝜇𝑄𝜀)〈Φ〉0  
Comparing this equation with (1.6) clarifies the similarities: 
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                                                                   |𝛿𝐴| ∝ 𝜀3?̂?3 ⇒ ?̂?3~𝑄 , 𝜀3~ 𝜇𝜀             
Setting 〈Φ〉0 ∼ ?⃗⃗? and recalling ?⃗⃗? and 𝛿𝐴 from equation (1.5) and (1.6) obtains: 
                                                                    𝛿〈Φ〉(𝜀) ∝ |𝛿𝐴| ∝ (𝑖𝜇𝑄𝜀)                      (1.31) 
This reveals the order parameter role of 𝐿𝑅𝐿 vector in aforementioned symmetry breaking. The logic of 
this relation can be understood of the linear relation between the extent of symmetry breaking, order 
parameter and eccentricity as well as infinitesimal 𝐿𝑅𝐿 vector:                  
                                                                          𝐿𝑅𝐿 ∝ 𝜀 ∝  𝛿〈Φ〉(𝜀) 
  
 Section.2  
 
2.1 Creation and annihilation operators, string theory   
  
In this model, for a rest reference frame of a system that follows the world line of system (or the center mass 
of complex system) the dynamic of system restricts to a periodic perpetual motion on a circular geodesic 
on a cross section of 2-torus surface for 2-outcome system.  
Results of this assumption will be coincided, at least partly, with kinematic of string theory as we show it 
in this section. We construct a complex manifold with three real dimensions for conventional space and 
one imaginary dimension for extra compacted dimension. For the sake of simplicity the two dimensional 
complex plane is considered with real axis on the real 3 dimensional manifold and imaginary axis as extra 
dimension emerges orthogonal to this real manifold. In this scheme the path of particle (or center of mass 
of system) reduces to combinations of circular curves on this plane.   
If the position of center of mass considered as:  
                                                               𝑥𝜇 +
𝑝𝜇
𝜏
= 𝑥𝜇 + 𝛼0𝑝
𝜇𝜏                             (2.1)                                                 
Then for the contributions from terms of circular motions in extended space we should sum all terms of 
complex terms such as:  
                                                               ∑ 𝑟𝑛𝑛 𝑒
𝑖𝜔𝑛𝜏                                                   (2.2)  
Where 𝑟𝑛  denoted as constant complex numbers that determine the initial phases and also represent the 
“radius” of complex torus constructed of “n” angular velocities. 
By substitution 𝑧𝑛 = 𝑟𝑛𝜔𝑛  we obtain final position as a sum of complex terms:  
                              ∑
𝑧𝑛
𝜔𝑛
𝑛 𝑒
𝑖𝜔𝑛𝜏                                                    (2.3)  
So for a general form of coordinates of system position:    
                                                        𝑋𝜇 = 𝑥𝜇 + 𝛼0𝑝
𝜇𝜏 + ∑
𝑧𝑛
𝜔𝑛
𝑛 𝑒
𝑖𝜔𝑛𝜏                      (2.4)   
This equation looks like the original Taylor expansion adopted in string theory with  
𝑧𝑛
𝜔𝑛
= 𝛼𝑛 as 
 modes and 𝜔𝑛  as "n" in Taylor expansion. Obviously the dynamics as well as action resembles the string 
theory although the main difference will be the point like dynamic in our model and one dimensional 
string in the other. On the other hand the real projection of oscillator terms onto the real space determines 
the additional terms of ∆𝑥𝜇 and the absolute value of the imaginary part will be the projection of linear 
momentum on the real space as additional terms ∆𝑝𝜇 . the proof of this statement is simple and omitted in 
this article.Therefore the simplified form of oscillating terms will be reduced to:  
                                                         ∆𝑥𝑛
𝜇 + 𝑖∆𝑝𝑛
𝜇 = 𝑥𝑛
𝜇 + 𝑖?̂?𝑛
𝜇
                                    (2.5)     
Where 𝑥𝑛
𝜇
 and ?̂?𝑛
𝜇
 denotes the operators of position and momentum and hence 𝑎𝑛 = 𝑥𝑛
𝜇 + 𝑖?̂?𝑛
𝜇
 and 𝑎𝑛
† =
𝑥𝑛
𝜇 − 𝑖?̂?𝑛
𝜇
 Will satisfy the commutation relations of annihilator and creator operators as the quantization  
process seen in the harmonic oscillators and furthermore in commutation relations in string theory.  
  
2.2 Torsion and contortion as new degree of freedom in extra dimension 
  
It is well known from the original works [25] and [22] that the contorsion 𝐾𝑖𝑗
𝑘  in Riemann-Cartan space 
compared to the usual Riemann space acts as a new degree of freedom and couples to spin just like  
coupling of metric tensor to energy momentum tensor in general relativity.  
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In usual Einstein-Cartan theory there is two types of curves identified by auto parallel and geodesic 
respectively derives from the equations:  
                                                                 
𝑑2𝑥𝑘
𝑑𝑠2
= {
𝑘
𝑖𝑗
}
𝑑𝑥𝑖
𝑑𝑠
𝑑𝑥𝑗
𝑑𝑠
 
                                                                 
𝑑2𝑥𝑘
𝑑𝑠2
= Γ𝑖𝑗
𝑘 𝑑𝑥
𝑖
𝑑𝑠
𝑑𝑥𝑗
𝑑𝑠
                                         (2.6)  
In this formalism if the affine connection Γ𝑖𝑗
𝑘  is symmetric respect to lower indices i.e. Γ𝑖𝑗
𝑘 − Γ𝑗𝑖
𝑘 = 0  then 
the torsion and contortion will be vanished and the above two equations coincide:  
                                                          𝑇𝑖𝑗
𝑘 = Γ𝑖𝑗
𝑘 − Γ𝑗𝑖
𝑘 = 0   
                                                 𝐾𝑖𝑗
𝑘 = −𝑇𝑖𝑗
𝑘 +𝑇𝑗𝑖
𝑘 − 𝑇𝑘
𝑖𝑗
                                   (2.7)  
Now we can imagine a local Minkowski frame for which the Christoffel symbols vanish then:               
                                                           {
𝑘
𝑖𝑗
} = 0        
                                                           Γ𝑖𝑗
𝑘 = −𝐾𝑖𝑗
𝑘                                                           (2.8)                                                
Hence for parallel transport of an arbitrary vector v i in Riemann-Cartan space we obtain [22,26]:  
                                                           𝑑𝜈𝑘 = −Γ𝑖𝑗
𝑘𝜈𝑗𝑑𝑥𝑖 = 𝐾𝑖𝑗
𝑘𝜈𝑗𝑑𝑥𝑖                          (2.9)                                                                           
Without loss of generality and for the sake of simplicity we choose a 2 dimensional spatial sub- 
manifold of  𝑀4 ; the xy plane with rotation group 𝑆𝑂(3) and 𝐽3  as the unique generator of 
rotation on this plane and an extra dimension imagined to be as perpendicular dimension to this 
plane with an infinitesimal range on both side of the xy plane.  
The emerging from xy to extra dimension will be possible through the geodesic on the infinitesimal 
torus and any particle or center of gravity of any system follows the trajectories on this 2 dimensional 
torus.  
 The metric on xy plane will be 𝑔𝑖𝑗with {
𝑘
𝑖𝑗
} as connection then the total affine connection Γ𝑖𝑗𝑘  will 
read as:  
                                                        Γ𝑖𝑗
𝑘 = {
𝑘
𝑖𝑗
} − 𝐾𝑖𝑗
𝑘                                                    (2.10)  
But in a local Minkowski frame in the vicinity of the point P we have {
𝑘
𝑖𝑗
} = 0  and then again:  
                                                           Γ𝑖𝑗
𝑘 = −𝐾𝑖𝑗
𝑘                                                           (2.11)                                         
  
    
 Fig (4): line element on the 2-tori manifold with axis as world line. The green line stated as line element in the 3+1 spatial space.  
 
We verify this relation for an infinitesimal ds2 on the total space i.e. the 2 torus surface Fig (4):  
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                                                          𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝜀2𝑑𝜈2                               (2.12)                                                                                                 
With the definition of  𝑥0, 𝑥1, 𝑥2, 𝑥3 the usual space-time coordinate and 𝑥4 = 𝜀𝜈 as the extra dimension 
which restricted to small amounts on infinitesimal 2 torus with a fixed small radius 𝜀 and 𝜈 as the phase 
parameter. In the rest frame the rotation of particle assumes generated by ?̂?3 . For a geodesic of 1:1 
winding number the coefficient of generators 𝐽3 and ?̂?3 should supposedly be equal, then the appropriate 
algebraic base in 𝑠𝑜(4) will be:                    𝐴𝑖 =
1
2
𝐽𝑖 +
1
2
𝐾𝑖       , 𝐵𝑖 =
1
2
𝐽𝑖 −
1
2
𝐾𝑖 
This conveys us that the equal coefficient of generators in changing base from original 𝑠𝑜(4) to modified 
one is not accidental. This modified base also is well known method of decomposition of 𝑠𝑜(4) algebra in 
Hydrogen atom problem.  
Return back to the equations of auto-parallel and geodesic equation by the:    
                                               
𝑑2𝑥𝑘
𝑑𝑠2
= Γ𝑖𝑗
𝑘 𝑑𝑥
𝑖
𝑑𝑠
𝑑𝑥𝑗
𝑑𝑠
− 𝐾𝑝𝑞
𝑘 𝑑𝑥
𝑝
𝑑𝑠
𝑑𝑥𝑞
𝑑𝑠
                     (2.13)  
{
𝑘
𝑖𝑗
} Indices and p, q takes the values 1, 2, and 4. For compatibility of indices with the extra dimension we 
simply assume 𝑥0 = 𝑡 as a parameter and  𝜈 = 𝜔1𝑡: 
                                                                     𝑥4 = 𝜀𝜔1𝑡 = 𝜀𝜔1𝑥
0                               (2.14)  
So the extra dimension as a new degree of freedom reduces to a linear function of  𝑥0 . Therefore the extra 
dimension will absorb to 𝑥0 = 𝑡  in the equation  
                                                   𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝜀2𝜔1
2(𝑑𝑥0)2                         (2.15)  
For Kepler problem we use the Schwarzschild metric for a gravity field with spherical symmetry:  
                  𝑑𝑠2 = − (1 −
𝑟𝑠
𝑟
) 𝑐2𝑑𝑡2 + (1 −
𝑟𝑠
𝑟
)
−1
𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2)       (2.16)                                       
The resulting differential element of extra dimension respect to above assumptions will be:  𝑑𝑦 = 𝜀𝑑𝜈 
hence the metric element for a spherical symmetric field with source field on the center of coordinate and 
on the surface 𝜃 =
𝜋
2
 in spherical coordinate will be read as [16, 17]: 
                𝑑𝑠2 = − (1 −
𝑟𝑠
𝑟
) 𝑐2𝑑𝑡2 + (1 −
𝑟𝑠
𝑟
)
−1
𝑑𝑟2 + 𝑟2𝑑𝜑2 + 𝑑𝑦2                    (2.17) 
Substituting = 𝜀𝑑𝜈 :  
                   𝑑𝑠2 = − (1 −
𝑟𝑠
𝑟
) 𝑐2𝑑𝑡2 + (1 −
𝑟𝑠
𝑟
)
−1
𝑑𝑟2 + 𝑟2𝑑𝜑2 + 𝜀2𝑑𝜈2                 (2.18)                                                                                                
By introduction of 𝜔1as angular velocity along extra dimension we have:  
                   𝑑𝑠2 = − (1 −
𝑟𝑠
𝑟
) 𝑐2𝑑𝑡2 + (1 −
𝑟𝑠
𝑟
)
−1
𝑑𝑟2 + 𝑟2𝑑𝜑2 + 𝜀2𝜔1
2𝑑𝑡2           (2.19)   
Substituting 
𝑟𝑠
𝑟
=
2𝜔2
2𝑟2
𝑐2
=
2𝑚
𝑟
  and  𝜔1 = 𝜔2 = 𝜔                                                                                                                                             
                  𝑑𝑠2 = − (1 −
2𝜔2𝑟2
𝑐2
−
𝜀2𝜔2
𝑐2
) 𝑐2𝑑𝑡2 + (1 −
𝑟𝑠
𝑟
)
−1
𝑑𝑟2 + 𝑟2𝑑𝜑2               (2.20)  
It is clear that the added component is small compared with  
2𝜔2
2𝑟2
𝑐2
 since: 
                                                                      𝜀 ≪ 𝑟 
The contribution term of extra dimension 𝜀2𝜔1
2 in above equation, is confined to 𝑥0 = 𝑡 . This 
confinement also can be observed through the conditions in Kaluza Klein theory with torsion in extra 
dimension and related papers [25, ] as:  
                                                        𝖌𝝁𝝂 = 𝑔𝜇𝜈 + 𝑒𝐴𝜇𝐴𝜈Φ
2             𝑒 = ±1                 (2.21)                                                                      
Where 𝐴𝜇 = 0 for 𝜇 ≠ 4 hence the contributed term will reduce to ( 𝐴4)
2Φ2 which is comparable to 
 𝜀2𝜔1
2 . Here an interesting realization can be shown by introducing 𝐴4 as Higgs like boson that 
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corresponds to radial degree of freedom 𝜀 and Φ scalar potential as Goldstone boson momenta equivalent 
to 𝜔1. This interpretation coincides the result of Lagrangian in (1.20) and field 𝜈 as Goldstone boson. 
Comparing a generalized geodesic equation in Riemman-Cartan space time with Weitzenboch 
connection:  
                                                                     Γ𝑖𝑗
𝑠 = {
𝑠
𝑖𝑗} − 𝐾𝑖𝑗
𝑠                                           (2.22)  
This equation reveals that the additional term in coefficient 𝑐2𝑑𝑡2 plays a role similar to contorsion 𝐾𝑖𝑗
𝑠   in 
geodesics equation with torsion [27, 25].  
Involving contorsion in the model we need first to calculate the three index Christoffel symbol with the 
above mentioned correction:  
                                                            {
𝑠
𝑖𝑗} =
1
2
𝑔𝑠𝑘(
𝜕𝑔𝑗𝑘
𝜕𝑥𝑖
+
𝜕𝑔𝑘𝑖
𝜕𝑥𝑗
−
𝜕𝑔𝑖𝑗
𝜕𝑥𝑘
)                          (2.23)                                                              
It can be shown that this correction only effects on {
0
10
} since this term directly depends on the coefficient 
of 𝑐2𝑑𝑡2  in metric equation and its derivative respect to 𝑟 [18]. If we assign this coefficient as 𝛽 then in 
usual space-time coordinate [4]:  
                                                           {
0
10
} =
𝛽
2𝛽,
=
𝑚
𝑟(𝑟−2𝑚)
                                             (2.24)  
Now with the additional term of 𝛽 in equation (2.20) it will be read:  
                                               Γ10
0 − { 0
10
} = 𝐾10
0 = −
𝜀2
8𝑟
                                                   (2.25) 
                                               
𝑑2𝑡
𝑑𝑠2
+ [
2𝑚
𝑟(𝑟−2𝑚)
− 𝐾10
0 ]
𝑑𝑟
𝑑𝑠
𝑑𝑡
𝑑𝑠
= 0  
Therefore the unique geodesic equation that changes by the additional term reads as:  
                                               
𝑑2𝑡
𝑑𝑠2
+ [
2𝑚
𝑟(𝑟−2𝑚)
+
𝜀2
8𝑟
]
𝑑𝑟
𝑑𝑠
𝑑𝑡
𝑑𝑠
= 0                                          (2.26)                                                                               
Then the geometry of the model requires a limited contorsion 𝐾𝑖𝑗
𝑠  with vanished components except the 
corresponding component to proper time i.e. in this setting the contorsion 𝐾10
0  interpreted as the term in 
(2.25) realized in extra dimension.    
3. Conclusion  
  
We introduced a new interpretation of 𝐿𝑅𝐿 vector as order parameter through a type of symmetry 
breaking of 𝑂(2) to 𝑍2 in configuration of an orbiting point mass in a spherical gravitational field. 
The breaking symmetry deduced on the basis of ‘Ensemble view’ of infinite copies of the periodic system 
in degenerate states. Connection between this breaking symmetry and limited boost like transformation 
induced by generators of 𝑠𝑜(4) algebra and related parallel displacement and covariant derivative has been 
explored which leads to exploit the Cartan torsion and contorsion in the model. We introduce a “generalized 
angular momentum” and use a new degree of freedom explained in extra dimension on 2-torus as a perpetual 
rotation which is comparable to the recently proposed perpetual motion of Wilczek.et.al and explore the 
relation of this motion with 𝑠𝑜(4). Moreover we define the metric on 2-toral hyperspace which leads to 
new term in Schwarzschild equation with neglecting impression compared to other terms. This approach 
also reveals a gauge field for gravity in the problem. Symmetry breaking considered as a result of a 
perturbation realized in hyperspace with perturbing Hamiltonian operator expanded by some broken 
generators of 𝑠𝑜(4) governing algebra and order parameters known as chemical potentials. This method 
also suggest the second type of massive Nambu-Goldstone boson with the energy of perturbing Hamiltonian 
which mediate the interaction leading to transformation of circular to ellipsoid orbits. So the transition from 
non- degenerate circular state to degenerate ellipse orbit can be visualized as changing the potential well 
from normal to Mexican hat. On this background in next work we generalize this method by introducing a 
modified basis 𝑠𝑜(4) algebra to approach the dynamical systems modelled by free motion on negative 
curvature as well as hyperbolic modular spaces for exploring the connections of Golden ratio, Riemann 
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hypothesis and Zitterbewegung with this model. We will show in the next paper that the charges in root 
space representation of modified 𝑠𝑜(4) determine the physical probability of system through an exponential 
map on the group manifold.  
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